A phase-field model of non-isothermal solidification in dilute binary alloys is used to study
Introduction
The growth of dendritic structures during solidification has been a subject of enduring interest within the scientific community, both because it is a prime example of spontaneous pattern formation and due to the pervasive influence of dendrites on the engineering properties of metals. As dendrites are self-similar when scaled against the tip radius, ρ, the ability to accurately predict ρ is a problem of central importance to the theory of dendritic growth.
However, the prediction of ρ has proved exceptionally challenging. Early analytical 4 rather than stability per se that is responsible for breaking the degeneracy. The analysis reveals that in the limit of vanishing Pt an equation similar to that arising from stability arguments is recovered, but with a radius selection parameter, σ*, that varies as ε 7/4 , where ε is the anisotropy strength.
In recent years significant progress towards understanding solidification processes has also been afforded by the advent of phase-field modelling. However, the application of phasefield modelling has largely been restricted to two limiting cases; namely the thermally controlled growth of pure substances and the solidification of relatively concentrated alloys [e.g. 5] where growth is sufficiently slow that the problem may be considered isothermal.
However, this omits alloy solidification problems where the isothermal approximation is not valid, specifically the solidification of very dilute alloys and rapid solidification processes.
To date, relatively few attempts have been made to use phase-field techniques to simulate coupled thermo-solutal solidification due to the severe multi-scale nature of the problem (typically Lewis number, Le = α/D, is 10 3 -10 4 , where α is the thermal diffusivity). 12 we used a fully implicit, adaptive finite difference implementation of the model due to [8] to investigate the dependence of ρ upon ∆T at Le = 200, demonstrating for the first time that ρ pass through a minimum with increasing ∆T, as predicted by stability models such as that due to Lipton, Trivedi & Kurz [3] (LKT). We also showed that the radius selection parameter, σ*, not only varies with ∆T, but that the variation is non-monotonic.
In this paper we now consider the extent to which ρ, V and σ* vary as Le is increased at fixed
∆T. This quantitative analysis of the Lewis number dependency has previously been considered in [8] , albeit in the restricted range 1 ≤ Le ≤ 200, wherein it was found that the predictions of the LKT [3] theory were valid for Le ≤ 5, with significant deviations thereafter.
Here we extended the analysis to higher values of Le, including for the first time values up to 10
4
, which are of appropriate order for metals, in which dendritic growth is most common.
Description of the Model
The model adopted here is based upon that of [8] in which, following non-dimensionalization against characteristic length and time scales, W 0 and τ 0 , the evolution of the phase-field, φ, and the dimensionless concentration and temperature fields U and θ are given by respectively [11] . U and θ are related to physical concentration, c, and temperature, T, via
where m is the slope of the liquidus line, which has dimensionless form
The governing equations are descritized using a finite difference approximation based upon a quadrilateral, non-uniform, locally-refined mesh with equal grid spacing in both directions.
This allows the application of standard second order central difference stencils for the calculation of first and second differentials, while a compact 9-point scheme has been used for Laplacian terms, in order to reduce the mesh induced the number of pre-and post-smoothing operations required for optimal convergence is determined empirically [14] . Full details of the numerical scheme are given in [12, 14, 17] .
Results
To explore the effect of Lewis number on V and ρ the model has been run at a fixed undercooling of ∆ = 0.15, over a wide range of Lewis numbers from 1 to 10000, the latter being the typical order for metals. A coupling parameter of λ = 5 has been adopted in all simulations and in order to simulate kinetic free growth via the relation λ = D/a 2 we set D = 3.1335, which also fixes the interface width of ≈ 5. , with therefore correspondingly longer run times.
We obtain from the model the two key parameters characteristic of dendritic growth, namely the velocity and radius of the tip. The latter we obtain by fitting a parabolic profile to the φ = 0 isoline using a 4 th order interpolation scheme described in [14, 12] , as this has generally been felt [8, 19] to be more directly comparable to analytical dendrite growth theories [3] , than the curvature directly from the derivatives of φ at the tip. From empirical trials we estimate the error associated in determining ρ from the parabolic fitting process to be around ± 4%. Relative to the results found by [8] we observe a much larger variation in ρ over the comparable range of Lewis numbers (to Le = 200 [8] observed ρ to drop by ∼30% of its Le = 1 value, whereas we observe a 67% drop). We attribute this to the fact that we have conducted our investigation at much lower undercooling, which is consistent with LKT predictions of ρ as a function of Le [see e.g. In addition to V and ρ an important auxiliary quantity that may be calculated is the radius selection parameter, σ*. Following the methodology proposed in [8] we evaluate σ* based on the LKT [3] definition, where the supersaturation at the interface is evaluated without reference to the Ivantsov [1] solution by considering U i , the value of U 'frozen in' at the interface (taken as φ = 0). The resulting variation of σ* with Le is shown in Figure 3 , where the error shown is ± 8% (based on ± 4% error in ρ with σ* varying as 1/Vρ 2 ). At low Lewis number σ* may initially show a slight increase with increasing Le, although the errors associated with determining σ* are such that the results would also be consistent with σ* being constant, which is as found by [8] at similar Lewis numbers. In the limit of Lewis number of unity we find that σ* = 0.0604, in very close agreement with the value found by [8] . We find that this value is, as noted by [8] , also close to that for a dendrite growing under solute only control (the coupled model can be used for solute only growth at solutal undercooling Ω by fixing the system temperature everywhere at θ sys = -Ω with
For Le > 10 we find, in agreement with [8] , that the assumption of constant σ* breaks down.
However, at high ∆ (∆ = 0.55) [8] found that σ* (LKT definition) first decreased slightly before increasing markedly as Le is increased. In contrast we find that at ∆ = 0.15, beyond Le = 10 σ* decreases monotonically with increasing Lewis number, dropping to ∼0.025 at Le = 10000. This represents a variation of around a factor of 3 over the range of Le studied.
Summary & Discussion
We have used a phase-field model of non-isothermal solidification in dilute binary alloys to study the variation of V, ρ and σ* as a function of Lewis number at fixed undercooling. By using advanced numerical techniques such as mesh adaptivity, implicit time-stepping and multigrid methods we have been able to extend the analysis to Lewis numbers of order 10000
for the first time, these values being typical of metallic systems. Moreover, the formulation of the non-isothermal problem based on the thin-interface model which we have adopted from [8] means that these results should be independent of the width assumed for the diffuse interface, giving them a quantitative validity which cannot be claimed by formulations of the problem not based around the thin-interface model, such as [6, 9] . We find that the tip radius, in the high Lewis number regime, and this value therefore defines a minimum level at which simulations may be classed as approaching 'realistic' for metallic systems. This transition, albeit rather gradual, presumably delineates which of the two transport processed is dominant.
The radius selection parameter, σ*, has been calculated as a function of Le and a variation of a factor of three is observed over the range of Lewis numbers studied. This further highlights the potential limitations of assuming constant σ* in analytical models of solidification to predict dendrite length scales. Moreover, for Le > 10, σ* decreases monotonically with increasing Le, raising an apparent contradiction as in the limit Le → ∞ the dendrite should return to fully solutal control and the value of σ* appropriate to the solute only model should be recovered. In both this and previous studies [12, 14] the model has produced results in close agreement with other authors (for Le ≤ 200, see [8, 10] ), giving us reasonable confidence in the numerical scheme employed. Currently therefore we are unable to offer a definitive explanation for this anomaly, although it may be that in the case studied here the maximum value of Le is not sufficiently high to recover the limiting case of Le → ∞. This would be consistent with experiment where at low undercoolings (i.e. ∆ = 0.15) the solidification of metals (Le ∼ 10 4 ) would still be expected to be under coupled thermo-solutal control. 
